Introduction
Our notation and terminology follows Berge [1] and Harary [7] . We denote the set of all graphs of order n by R n -The distance between vertices u and v in the graph G = (V(G), E(G)) is denoted by dc(u, v). Let k be a positive integer. For each u E V(G) we denote by N'b(u) and M'b(u) the sets of all v E V(G) with dc(u, v) = k and dc(u, v),,:;;; k, respectively.
The k-closure of G is the graph C k (G) obtained from G by recursively joining pairs of non-adjacent vertices whose degree-sum is at least k, until no such pair remains.
For many properties P, Bondy and Chvatal [2] have found sufficient conditions such that if a graph G + uv has property P, then G itself has property P. In particular it is shown (by paraphrasing Ore's proof [10] ) that if GE R n , uv � E( G), dc(u) + de( v);;,, n and G + uv is hamiltonian, then G is hamiltonian.
Using this condition Bondy and Chvatal [2] have found the following sufficient condition for a graph to be hamiltonian: If the graph C n (G) is hamiltonian, then G is hamiltonian. In particular, if n;;,, 3 and C n ( G) = K n , then G is hamiltonian. It was noted in [2] , that many generalizations of Dirac's condition [6] including those of Chvatal [4] and Las Vernas [9] , guarantee that C n (G) = K n . It was shown in [5] , that if C n ( G) = K n then IE( G)I ;;,, r (n + 2)
In this paper we will give a generalization that will improve the conditions of Bondy-Chvatal for ten properties considered in [2] . For example, we prove that if G + uv is hamiltonian, d&u, V) = 2 and then G is hamiltonian. Using this condition, we define a new closure of the graph G, which has C,(G) as a spanning subgraph, and G is hamiltonian if and only if this new closure of G is hamiltonian. It is shown that for every n 2 6 there is G E R, such that IE(G)I = 2n -3 and the new closure of G is a complete graph.
These results can be viewed as a step towards a unification of the various known results on the existence of hamiltonian cycles in undirected graphs.
We will use the methods of proof that were used in [2].
Stability and closures
Let P be a property defined on R, and r be an integer.
Definition 1. The property P is (k, r)-stable, k 2 2, if whenever G + ZAV has property P, d,(u, v) = 2 and
then G itself has property P.
(2.1) Remark 1. If k > 3 and dc(u, V) = 2 then (2.1) is equivalent to
Remark 2. If d&u, V) = 2 then (2.1) is equivalent to
From Definition 1 we have the following. A property P is called (n + r)-stable [2] if whenever G E R,, G + uv has property P and do(u) + do(v) 3 n + r, then G itself has property P.
Proposition
2. Zf property P is (k, r)-stable, k Z= 2 and r 3 -1, then P is (n + r)-stable.
Proof.
Assume G E R,, G + UZI has property P and do(u) + do(v) an + r. Hence G has property P which completes the proof. 0
In [2], the smallest integer r(P) was found for many properties P such that P is (n + r(P))-stable. In this paper we will find for ten of these properties P the smallest integer k(P) 3 2 such that P is (k(P), r(P))-stable. Suppose that G + uv is hamiltonian, but G is not. Then, G has a hamiltonian path ul, u2, . . . , u, with u1 = u, u, = v. From Lemma 1, there is an integer m such that 2 s m s n -2, u,u, E E(G) and u 1 u m+l E E(G). But then G has the hamiltonian cycle ulu2 --* u,u,u,_~ -* * u,+~u~. This contradicts the hypothesis, and completes the proof. Cl
From Theorem 1 and Proposition 1 it follows that the property of containing a hamiltonian cycle is (3,0)-stable. Hence, from Remark 1 we have the following.
Corollary 1. Let G E R,, n 2 3. Zf d&u, v) = 2, do(u) + do(v) 2 (M&(u)( and G + uv is hamiltonian, then G is hamiltonian.
Remark 3. If the (2,0)-closure of G has the hamiltonian cycle C, then, by using Lemma 1, one can transform C into a hamiltonian cycle in G in exactly the same way that the hamiltonian cycle in C,(G) was transformed into a hamiltonian cycle in G (see [2] ).
From Theorem 1 and Proposition 3 we obtain the following. We shall show that G, is a (2,0)-closure of Gi. For each k, 2 s k s t, define K,o, Hk,l, . . . > f&n--4k+l
to be a sequence of graphs such that Hk,0 = Gt_k+l, &2n-4k+i = Gr-k+2 and (1) if k = t, n = 2t then Hk,l = G2 = G1 + u,,u,,_~, (2) if k < t or n = 2t + 1 then Hence G, is a (2,0)-closure of G, and this completes the proof. 0
Other properties
By C, and P, we mean a cycle and a path on s vertices, respectively. then UiU2 * * * U&,U,_~ * * . u~+~u~ is C, in G. In addition we have u1u3 4 E(G), for otherwise ulu3u4. . 1 u,wul is a C, in G. Similarly, we have u,u,_~ 4 E(G) for otherwise uluz * * . u,_2u,wul is a C, in G.
Let A$,(u) n N;(v) = {u,,, . . . , u;,}, i. = 0 and il < . . . <i, if t 2 2. Then (4.9) and ul E NL(u)\N~ (u) imply that for j, 0 c j c t -1, there exist q, such that ii<q<ii+l and u,, E iV&(u)\NL(v). We can take r, = 1. We will now show that i, = s -1. Suppose i, <s -1. Then (4.9) and u,u,_~ 4 E(G) imply that there exists r, such that i, < r, G s -2, uu,_, E E(G), UU~ $ E(G) and VU,, $ E(G).
But then {u, 1 i = 0, 1, . . . , t} G N~(u)\N~(u) and INk(u)\ Nh(v)l> t + 1, which contradicts (4.8). Therefore i, = s -1.
Next, note that if 2 c i s s -3, then uiu.7 l E(G) + usui+l$ E(G).
Otherwise U, . . * uiu,Ui+lUi+2.
. . u,_,uI
is a C, in G.
We have that This contradicts (4.14) and completes the proof.
q Fig. 4 (with n = s = 7) and its obvious generalization show that the property of containing a P, is not (3, -1)-stable for s 2 7. 
